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S tu d e n ts o f (R e a l) A n a ly sis w h o a re in tro d u c e d

to th e n o tio n o f c o n tin u ity a re fa sc in a te d b y e x -

a m p le s o f c o n tin u o u s a n d n o n -c o n tin u o u s fu n c -

tio n s.. T h e re a re fu n c tio n s w h ich a re (i) c o n -

tin u o u s a t e x a c tly o n e p o in t (o r ¯ n ite ly m a n y

p o in ts) a n d n o w h e re e lse ; (ii) c o n tin u o u s e v e ry -

w h e re , b u t d i® e re n tia b le n o w h e re ; (iii) c o n tin u -

o u s a t irra tio n a ls b u t d isc o n tin u o u s a t ra tio n a ls.

B u t a strik in g re su lt is th a t n o re a l fu n c tio n c a n

b e c o n tin u o u s o n ly a t (a n d a ll) ra tio n a ls. A n e le -

m e n ta ry p ro o f w a s g iv e n b y V ito V o lte rra (1 8 6 0 {

1 9 4 0 ), a n Ita lia n m a th e m a tic ia n w h o ro se fro m

u tte r d e stitu tio n to b e c o m e a p rin c ip le d m a th e -

m a tic ia n .

W e k n ow th at it is p ossib le to co n stru ct a rea l va lu ed

fu n ctio n on I = [0;1] w h ich is d isco n tin u ou s at ev ery

ration a l in I an d con tin u o u s a t every irration a l in I : In

fact, an ex am p le o f su ch a fu n ction is as follow s:

g (x ) =

½
1

q
if x =

p

q
; (p ;q) = 1

0 if x is irration a l.

In d eed , if a is an y ration al n u m b er in I ; b y th e d en sity

of irra tio n als in R; th ere is a seq u en ce say f x n g of irra -

tio n als in I th a t con verges to a : T h en g (x
n
) = 0; w h ile

g (a ) > 0 : T h u s g is d isco n tin u ou s at a : N ow let b b e a n y

irra tio n al n u m b er in I : F or ev ery ² > 0; A rch im ed ean

p rop erty asserts th e ex isten ce of a n atu ra l n u m b er N

su ch th a t
1

N
< ²: N o te th at th ere are o n ly ¯ n itely m a n y

ration a l n u m b ers in I w ith d en om in ator less th a t N :

T h u s th ere ex ists a ± > 0 su ch th a t fo r ev ery ration a l

n u m b er
p

q

2 (b ¡ ±;b + ± ); w e h av e q > N : T h is im -

p lies, fo r every x 2 (b ¡ ±;b + ± ); g (x ) < ²: H en ce g is

con tin u o u s a t b:
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Does there exist a

real function on I

which is

discontinuous at

every irrational and

continuous at

every rational?

There is no real

function on I which

is continuous

exactly at rational

numbers.

S u ch an ex am p le is u sefu l to illu stra te th e fa ct th at

th ere ca n b e an R-in tegrab le fu n ctio n h av in g a d en se

set of d iscon tin u ities. H ow ever, th is ex am p le a lso raises

a n a tu ral q u estion : D o es th ere ex ist a real fu n ction o n I

w h ich is d iscon tin u o u s at every irra tio n al an d con tin u o u s

at every ra tio n al? F rom th e p oin t o f v iew o f stu d en ts,

th ere is n o sim p le w ay, even to gu ess th e a n sw er. U su -

ally, th e n on ex isten ce o f su ch a fu n ction is esta b lish ed

as a coro llary o f th e B aire C a teg ory T h eorem (n orm ally

ex clu d ed fro m th e u n d ergrad u a te sy lla b u s). T h ou gh th e

B aire catego ry th eo rem is very im p o rta n t (th e p ro o fs of

op en m ap p in g th eo rem , u n iform b ou n d ed n ess p rin cip le

d ep en d on th is th eo rem ), it tu rn s ou t to b e to o so p h is-

tica ted fo r an u n d erg rad u a te stu d en t. H ere w e p resen t

a v ery sim p le p ro of of th e n on ex isten ce o f su ch a fu n c-

tio n . T h e p ro of is given b y th e Ita lian m ath em a tician

V ito V olterra [1]. In terestin g ly, V olterra g ave th is p ro of

in 1 881 , w h en h e w a s a stu d en t, an d 18 y ea rs b efore th e

B aire C ategory T h eo rem w h ich ap p ea red in 18 99.

T h e fo llow in g th eorem (an d m a n y o th er h istorica l ep i-

so d es) ca n b e fou n d in th e ex cellen t recen t b o ok [2] on

F u n ctio n al A n a ly sis.

T h e o re m : T h ere is n o real fu n ction o n I w h ich is co n -

tin u o u s ex actly a t ration a l n u m b ers.

P ro o f: S u p p ose th at su ch a fu n ction f ex ists. L et x
0

b e an y ration a l n u m b er in (0;1): B y con tin u ity o f f at

x
0
, th ere is a ± > 0 su ch th a t

(x
0
¡ ±;x

0
+ ±) µ (0;1) an d j f (x ) ¡ f (x

0
) j<

1

2

w h en ever jx ¡ x
0
j < ±:

C h o ose a
1
;b

1
su ch th a t a

1
< b

1
a n d [a

1
;b

1
] µ (x

0
¡ ±;

x
0
+ ± ): T h en

jf (x ) ¡ f (y )j · jf (x ) ¡ f (x
0
)j + jf (x

0
) ¡ f (y )j <

1

2

+

1

2

= 1
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The proof uses

density of rationals

and irrationals and

the nested interval

theorem. These

properties are direct

consequences of the

l.u.b.axiom for real

numbers.

for all x ;y 2 [a
1
;b

1
]: N ex t w e ch o o se an irratio n al p oin t,

say x
1
; in (a

1
;b

1
): T h e fu n ction g d e¯ n ed a b ov e is co n -

tin u o u s at th e irra tio n al x
1
; an d b y th e sam e a rgu m en t

ap p lied to x
1
; th ere ex ist p oints c

1
;d

1
su ch th a t c

1
<

d
1
an d [c

1
;d

1
] µ (a

1
;b

1
) an d jg (x ) ¡ g (y )j < 1 for all

x ;y 2 [c
1
;d

1
]: T h u s fo r all x ;y 2 [c

1
;d

1
]; w e h ave both

jf (x ) ¡ f (y )j < 1 an d jg (x ) ¡ g (y )j < 1:

S tartin g w ith th e in terval (c
1
;d

1
) in p la ce of (0;1 ); w e

can rep ea t th e ab ove arg u m en t to get c
2
< d

2
a n d

[c
2
;d

2
] µ (c

1
;d

1
) su ch th at for a ll x ;y 2 [c

2
;d

2
]; w e

h ave b o th jf (x ) ¡ f (y )j <
1

2

an d jg (x ) ¡ g (y )j <
1

2

: N ow

rep eat th e a rgu m en t to con stru ct a n ested seq u en ce of

clo sed in tervals f [c
n
;d

n
]g su ch th at

(c
n
;d

n
) ¾ [c

n + 1
;d

n + 1
]

an d su ch th at fo r a ll x ;y 2 [c
n
;d

n
]; w e h ave b oth jf (x )¡

f (y )j <
1

2
n
a n d jg (x ) ¡ g (y )j <

1

2
n
: B y th e n ested in ter-

val th eo rem , S =

T
1

n = 1
[c

n
;d

n
] 6= Á : S o let z 2 S : W e

n ow sh ow th at f a n d g are b o th con tin u o u s a t z : L et

² > 0 b e g iv en . L et N b e a n atu ra l n u m b er su ch th at

1

2
N
< ²: B y th e con stru ction of th e in tervals [c

n
;d

n
]; w e

see th a t z 2 (c
N
;d

N
): S o th ere ex ists a rea l n u m b er

± > 0 su ch th a t (z ¡ ±;z + ± ) ½ (c
N
;d

N
): N ow for a n y

x 2 (z ¡ ±;z + ±); w e h av e x ;z 2 [c
N
;d

N
] so th at b oth

jf (x ) ¡ f (z )j <
1

2
N

< ² an d jg (x ) ¡ g (z )j <
1

2
N

< ²:

T h erefore, b oth f an d g are con tin u ou s at z ; lead in g to

th e con trad ictio n th a t z is b oth ration a l an d irra tion al.

T h u s th ere is n o fu n ction on I w h ich is con tin u o u s ex -

actly at ra tion als.

T h is p ro of u ses d en sity o f ration als a n d irration a ls a n d

th e n ested in terval th eorem . T h ese p rop erties are d irect

con seq u en ces of th e l.u .b .a x iom for rea l n u m b ers. S o

th is p ro of ca n b e p resen ted even in th e ¯ rst year calcu -

lu s cla ss. In fact, th e p ow er of th e l.u .b . ax io m ca n b e

em p h a sized b y m ea n s o f th e ab ove th eorem .

R e m a rk : F rom th e a b ove th eo rem w e con clu d e th at
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Volterra was the first

mathematician to

point out a drawback

of the Riemann

integral by

constructing an

example of a

differentiable function

on [a,b] having

bounded derivative

but the derivative is

not R {–integrable;

if a real fu n ction is co n tin u ou s at a ll ra tion als, th en it

m u st also b e con tin u ou s a t so m e irra tion al. In fact, in

[3] it is p roved th at su ch a fu n ction m u st b e con tin u o u s

on an u n co u n tab le d en se set of irration al n u m b ers.

In cid en ta lly, V olterra w as th e ¯ rst m a th em a ticia n to

p o in t o u t a d raw b a ck of th e R iem a n n in teg ral b y co n -

stru ctin g an ex am p le of a d i® eren tiab le fu n ction o n [a ;b]

h av in g b ou n d ed d erivative b u t th e d erivative is n ot R {

in tegra b le; see [4]. V olterra is k n ow n to b e a fou n d er

(alon g w ith F red h olm an d H ilb ert) of th e th eory of in te-

gra l op era to rs. H is ex am p le of a n o p erator w h ose sp ec-

tru m is f 0g ap p ea rs in alm ost every b o o k o n fu n ction a l

an a ly sis for ex am p le, see [5]. H e w a s a m a jor con trib u -

tor in th e d evelo p m en t of th e th eory of d i® eren tia l form s

an d su rp risin gly en o u gh , a recen t a rticle [6] a sserts th a t:

w h a t is to d ay k n ow n as th e P oin ca r¶e lem m a is actu ally

V o lterra's th eo rem b ecau se h e p roved it m u ch b efore

P oin car¶e. In th e later p art o f h is life, h e to o k a ctive

in terest in m ath em atica l b iolog y a n d m ad e su b sta n tia l

con trib u tion s in th at area.
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